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1. Introduction 

Let k be an algebraically closed field of characteristic zero and A a finite-dimensional (associative. Lie, 
Jordan...) algebra over k. The automorphism group Aut(A) of A is an affine group scheme of finite type 
over k. In the language of algebraic geometry, an affine group scheme over fc is a representable functor from 
the category /c-rng of commutative associative fc-algebras to the category grp of groups. As a functor, 
Aut(A) assigns a commutative associative /c-algebra R to the group of i?-linear automorphisms oi A^kR- 

The geometric properties of Aut(A) are strongly related to the algebraic properties of A. For instance, 
if Aut(A) is smooth and connected, then all twisted loop algebras based on A are trivial, i.e., isomorphic 



to A ®k ] as algebras over the ring k[t'^^] (see [Uj). 



In the case of Lie algebras, the centreless core of an affine Kac-Moody Lie algebra is a twisted loop 
algebra based on a finite-dimensional simple Lie algebra q over k (see 0, Chapter 7, 8]). Based on the point 
of view taken in such a twisted loop algebra is a twisted form of the untwisted loop algebra q ®k k\t^^] 
with respect to an etale extension of fc[i^^]. These twisted forms are classified in [ll| by investigating the 
non-abelian etale cohomology of the fc-group scheme Aut(g). The case of finite-dimensional simple Lie 
superalgebras was studied in Q and Q as well. 

In Q, in order to address the results about the N — 2,A superconformal algebras of [l2j, an analo- 
gous theory of twisted forms of differential conformal superalgebras is developed. To obtain the "correct" 
definition of conformal superalgebra over a ring, fc-differential rings were considered as a replacement of 
commutative associative fc-algebras. A fc-differential ring is a pair TZ — (i?, 5) consisting of a commutative 
associative fc-algebra R and a fc-linear derivation 5 : R ^ R. fc-differential rings form a category, denoted 
by fc-drng, where a morphism f : TZ = {R, Sn) S — {S, 5s) is a homomorphism of fc-algebras f : R S 
such that f o Sr = Ss o f. For a conformal superalgebra A over fc, its automorphism group functor Aut(^) 
is a functor from fc-drng to the category of groups (denoted by grp). We will review the precise definition 
of a Lie conformal superalgebra over fc and its automorphism group functor in Section [21 

Unlike the case of usual finite-dimensional algebras, for an arbitrary Lie conformal superalgebra A, 
Aut(^) fails to be representable. However, it is still important to investigate the Lie conformal superalgebra 
A: it is pointed out in Q that the isomorphism classes of twisted forms of A (8ifc TZ with respect to a 
faithfully flat extension of fc-differential rings TZ ^ S are parameterized by the non-abelian cohomology set 
Hi (5/7^, Aut{A)n)- 
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Furthermore, the non-abehan cohomology set ll^{S/TZ, Aut{A)Tz) is related to some objects in algebraic 
geometry. Concretely, if 7^ = {k[t^^], ^) and S = {k[t'i,q G Q], Jj), then, under some finiteness assump- 
tion on A, the set lV-{S /U, Aut{A)n) 

can be identified with the continuous non-abelian cohomology set 
Hjt(7ri(_R), Aut(yl)(5)) , where 7ri(_R) is the algebraic fundamental group of Spec(fc[t^^]) at the geometric 
point a = Spec(fc(i)) (see 0, Proposition 2.29]). If in addition Aut(yl)(5) = G(5') for an afhne group scheme 
(j over k, then mj(7ri(i?), Aut(yi)(5)) can be further identified with the non-abelian etale cohomology set 
Hij(i?,G) (see [a Remark 2.30]). 

Interestingly, it is not only the cohomology sets that are closely related to an affine group scheme G, but 
the group functor Aut{A) is as well. For the N = 1,2,3 Lie conformal superalgebra JCn, Aut(/CAr) has a 
subgroup functor GrAut(/CAr) such that GrAut(/Cjv )(??.) = Aut (/Cat )(??.) for TZ = {R, S) with R an integral 
domain (see [l|). The explicit structure of GrAut(/CAr) was obtained in P, Theorem 3.1]: GrAut(/CAr) 
is the group functor obtained by lifting the fc-group scheme On oi N x A^-orthogonal matrices via the 
forgetful functor fgt : fc-drng fc-rng, TZ — {R, S) >-)• R, i.e., 

GrAut(/CAr) : fc-drng fc-rng grp- 

We call a functor from fc-drng to grp forgetfully representable if it is obtained by lifting a fc-group scheme 
using the forgetful functor. 

In this paper, we focus on the automorphism group functor Aut(J^) of the = 4 Lie conformal superal- 
gebra (the explicit definition will be given in Section [2]). We will define the subgroup functor GrAut(J^) 
of Aut(J") in Section H and show that GrAut(J■)(7^) = Aut(J")(7^) for TZ = {R,S) with R an integral 
domain in Sectional 

In Section|21 we study the subgroup functor GrAut(J^) by explicitly computing its 7?.-points. We obtain 
that, for every fc-differential ring TZ = {R, S), GrAut{J^){TZ) fits into the following exact sequence of groups: 

1 ^ M2(i?o) ^ SL2(i?) X SL2(i?o) ^ GrAut(J■)(7^), 

where i?o = ker5, /ij and SL2 are the fc-group scheme of square roots of 1 and 2 x 2-matrices with 
determinant 1, respectively. Moreover, the above exact sequence is functorial in TZ. The homomorphism t^j 
fails to be surjective in general, but it still has properties similar to that of a quotient morphism of affine 
group schemes over fc fProposition l3.4l and 13.51) . To our surprise, GrAut(J^) is not forgetfully representable. 
We will discuss the representability of group functors involved in the above exact sequence. 

In Section [5l we will show using an example that the definition of the subgroup functor GrAut(yi) of a 
Lie conformal superalgebra A depends on the choice of generators of A. 

Notation: Throughout this paper, Z,Z+, and Q denote the complex numbers, integers, non- negative 
integers, and rational numbers, respectively. 

We will always assume fc is an algebraically closed field of characteristic zero, i is ^/—l E fc, and k[d] 
is the polynomial ring over fc in one variable d. We will use eiji to denote the sign of a cycle (ijl). For a 
commutative associative fc-algebra R, R^^^ will denotes the set of all 2 x 2-matrices with entries in R. 

2. Preliminaries 

In this section, we will review some basic concepts of Lie conformal superalgebras over fc, their base 
change with respect to an extension of fc-differential rings, and their automorphism group functors. We 
then describe the TV = 4 Lie conformal superalgebra using generators and relations. We also introduce some 
notation to simplify our computations for automorphism groups. 

Definition 2.1 ([£, definition 2.7]). A Lie conformal superalgebra over fc is a Z/2Z-graded fc[9]-module 
A ~ Aq (B Ai equipped with a fc-bilinear operation —{n)— '■ A(^k A ^ A ior each n € Z_|_ satisfying the 
following axioms: 

(CSO) a(„)6 = for n > 0, 
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(CSl) 9(a)(„)fe = -na(„_i)6, 

(CS2) a(„)6= -p(a,6)E,^z+(-lp+"aO)(&(„+,)a), 

(CSS) a(„)(6(„)c) = YlJLo {'J)io-U)b)(:m+n-])C + p{a,b)b(n){ai^^-)C), 

where d^^^ — G and p{a,b) — (_1)p('»)p('')^ p(a) (resp. p{b)) is the parity of a (resp. 6). 

We also use the conventional A-bracket notation: 



where A is a variable and a, 6 G .4. 

Given a Lie conformal superalgebra A over fc and a fc~differential ring 72. = (i?, J), we can form a new Lie 
conformal superalgebra A^kTl (the base change of A with respect to fc — )■ 7?,) as follows: The underlying 
Z/2Z-graded fc-vector space oiA®kT^ is A®kR, the fc[9]-module structure is given by dA'Sk'R. = dA®^+'^®5, 
and the n-th product for each n G 2+ is given by: 

(a«)r)(„)(6(g)s) = ^ (a(„+j)6) «) (5(^^(r)s, 

where a,b ^ A,r, s ^ R and (5^^' = / 

It is pointed out in [9|that ^ €5^ 7?. is not only a Lie conformal superalgebra over k, but also an 7?,-Lie 
conformal superalgebra ([9|, definition 1.3]). The 7?.-structure yields the definition of its 7?,-automorphisms: 
an TZ-automorphism of A ®k Ti- is an automorphism of the Z/2Z-graded i?-module A ®k R which preserves 
all n-th products and commutes with dj\^^^Ti. All 7?.-automorphisms oi A®kT^ form a group, denoted by 
Aut7j_conf (-4 TV). These automorphism groups are functorial in TZ. Hence, they define a functor from the 
category of /e-differential rings to the category of groups: 

Aut{A) : fc-drng grp, 7^ ^ AutK_conf(^ ®k H)- 

It is called the automorphism group functor of A. 

In this paper, we focus on the = 4 Lie conformal superalgebra F. As a Z/2Z-graded fc[9]-module, 
J- = F^® iFi, where 

jr^ = k[d]L ® k[d]T^ ® fc[9]T2 © k[d]T^, 



j-j = k[d]G^ ® k[d]G^ ® fc[5]G^ fc[9]G 



The A-bracket on is given by 



LaL] = 


(a + 2A)L, 


LaT'] - 


LaGp] = 


= (5 + |A) GP, 


LaG^" 


T'aTJ] 


= ie^./T', 


GPaG«] 


[T^GP] 


2 

— 1 n-* r"? 

9=1 


T*ACf 


GPaG"^ 


= 2,5p,L - 2(9 + 2A) ^ 

1=1 



= {d + |A) G^ 



G^aG^ 

2 

E 

9=1 



_ 1 V rr » r 
2 ^ "gp^ 



= 0, 

■9 



where i, j = 1, 2, 3, p, g = 1, 2 and cr*, i = 1, 2, 3 are the Pauli spin matrices: 



1 

1 



-i 

1 

3 



1 

-1 



The even part J-g has a sub Lie conformal algebra 

B = k[d]T^ © k[d]T^ ® fc[9]T^ 

which is isomorphic to the current Lie conformal algebraQ Cur(sl2(fc)). 

Analogous to the cases where N = 1,2,3, the automorphism group functor Aut(J^) has a subgroup 
functor GrAut(J^) defined as follows: fix the /c-vector space 

V = span^; |l,T\t2,T^G\G^g\g^}, 

and define a subgroup of Aut{A){TZ) for each fc-differential ring TZ ~ {R, 5): 

GrAut(J■)(7^) = {</>€ Aut{T){n)\(t>{V (E)kR)'^V (g)k R} ■ 

This construction is functorial in TZ. 

To simplify computations for these automorphism groups, we write d = dj^^^^-ji for short and introduce 

the following notation: iov r ^ R, X = e sl2(-R) and M = G i?^^^, we set 

L(r) := L(8) r, 

T{X) := T^®{y + z) + iT^ (g, {y - z) + 2T^ (g) x, 
G{M) := -IG^ ® d - IG^ (g) a + IG^ (g) 6 - IG^ (g) c. 

Then every element of V (resp. V ^ R) can be written as 

L{r) +T{X) + G{M), 

where r € k,X € s[2(fc),Af € fc^^^ (resp. r e e sl2(i?),M e i?^^^). Furthermore, the A-bracket on 

C^kTl satisfies the following relations: for r, r' e i?, X, Xi, X2 S s[2(i?), and M,N € R'^^'^, 

[L(r)AL(r')] = (5 + 2A)L(rr') + 2L((5(r)r'), 
[L(r)AT(X)] = (5 + A)T(rX) + T{d{r)X), 

[T(Xi)aT(X2)] =T([Xi,X2]), 

[L(r)AG(M)] = (d+^\j G{rM) + ^G(<5(r)M), 
[T{X)xG{M)] = G(XM), 

[G(Af)AG(A^)] = 2L(tr(AfiVt)) + {d + 2X)T{MN'' - NM^i) 
+ 2T((5(Af)A^t _ NSiM^i)). 

3. The group functor GrAut(^) 

We will compute the group GrAut(J^)(7?.) for a fc-differcntial ring TZ = {R, 6) in this section. The main 
results will be Theorem 13.31 Proposition 13.41 and 13.51 



-"^ Every finite-dimensional Lie superalgebra g over k associates a current Lie conformal superalgebra Cur(g) = k[d] Cg))!; g with 
the n-th product: a(o)fe = [a, b] and af^^-^b = for n 1 Q, Example 2.7]. 
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Lemma 3.1. For an arbitrary A:-differential ring TZ = {R, 5), there is a group homomorphism 

ill : SL2(i?) X SL2(i?o) GrAut(.F)(7^), {A, B) ^ eA,B, 
where = kerJ, and 9a,b is the 7?.-autoinorphism of J- ®k Ti- defined by 

0a(L) =L + T(J(A)A-i), 0^(T(X)) = T(AXA-i), eA{G{M))^G{AMB-^), 
for X G s[2(fc), G k^^^ . In addition, the homomorphism i-ji is functorial in 7?.. 

Proof. These formulas define a homomorphism 6a,b of i?-modules F(8)fc R^ V ®kR- It yields a homomor- 
phism of i?-modules F®k H- ^ T ^kTl which preserves the Z/2Z-grading and satisfies do 9a. b = 9a. b ° d. 
This map is also denoted by 9a,b- 

To show 9a,b is a homomorphism of Lie conformal superalgebras, by lemma 3.1 (ii) in 9], it suffices to 
show 

OaAI^ ^ 1a?7 ® 1]) = [0aM^ ® 1)x9aAv ® 1)] (1) 

for all ^, »y e T^. This can be accomplished by a direct computation. 
For instance, let M,N £ fc^^^, then 

9aM[G{M)MN)]) 

= 9a.b (2L(tr(MiV^)) + {d + 2X)T{MN'' ~ NM'')) 
= 2L(tr(MiVl')) + 2T(tr(AfA^t)^(^)^-i) 

+ {d+2X)T{A{MN^ - NM'i)A'^), 
[9A,B{G{M))),9A,B{GiN))] 
= [G(AMB-^)xG{ANB-^)] 
= l.{tY{AMB-^{ANB-^)'^)) 

+ {d + 2\)i:{AMB-^{ANB-y - ANB-\AMB-y) 

+ 2T{S{AMB-^){ANB-^)'' - ANB-^d{AMB-y). 

A straightforward computation shows that 

. • • • X„)t = (-l)«+iAt At_i • • • a| for Ai, • • • , A„ e i?2x2. 

• Xrt + YX^ = tr(Art)/ for A, F G i?2x2^ ^^leie I is the identity matrix. 

• = -At for A e SL2(i?). 

Hence, AMB-^ANB-^Y = AA/B-iSA^t^-i = AAfA^t^-i. Noting that S{B) = and 6{A-^) = 
-A"M(A)A~\ we obtain 

2{S{AMB-^){ANB-y - AiVB-i5(AA/B-i)t) 
= 2{S{A)MB-^BN^A-^ - ANB-^BM^fSiA-^ j) 
= S{A){MN'' - A^Aft)A"^ + A(A/A^t „ nm'')S{A-^) 

+ S{A){MN'' + NM'')A-^ - AiMN'f + NM^)S{A-^) 
= S{A{MN1 - NM1)A-^) +tT{MN''){6{A)A-^ - AS{A-^)) 
= d{A{MN'' - NM'')A-^) + 2ti{MN'')S{A)A-\ 

It follows 

9aM[G{M)xG{N)]) = [9aMG{M))x9aMG{N))]. 
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Similarly, it is easy to check that equation ^ holds for all ^, ry G V. Hence, 9a is a homomorphism 
of 7?,-Lie conformal superalgebras. Then 9a, b ° = ^a-i.b-i ° ^a.b = idj^ implies that 9a. b is an 

automorphism of the 7?.-Lie conformal superalgebra J- (E)k Tl- Thus, we obtain 9a. b G GrAut(J^)(7?.) as 

OAAy'^kR)^V®kR- 

To prove (A, B) i— >■ 9a,b defines a group homomorphism, it suffices to show 9aiA2,BiB2 = ^Ai,Bi ° ^'^2,-82 
for Ai,A2 G SL2(-R), Bi, i?2 S SL2(i?o)- By [9, Proposition 3.1], this can be easily done by checking 

6'yliA2.SiB2('?«) 1) = ^Ai.Si o 6*^2,52 1) 

for (, E V. For instance, 

dA^A2,B^BA^ = L + T{d{AiA2)iAiA2)-') 

= L + T((,5(Ai)A2 + A,S{A2))A^^A^^) 
= L + T{6{Ai)A^^ + Ai6{A2)A^^A^\ 
OauB, o 0^2,52 (L) = ^Ai,Si(L + i:{5{A2)A-^^)) 

= L + T(<5(Ai)Ari) + T(Ai(5(A2)A2-Mr')- 

In summary, we obtain a group homomorphism 

iTj : SL2(i?) X SL2(i?o) ^ GrAut(J■)(7^), 
for each fc-differential ring TZ which is functorial in 7?.. □ 
Lemma 3.2. For every /c-differential ring TZ — {R,6), 

ker(tK) ^ /X2(-Ro), 

where Rq = harS. Additionally, these isomorphisms are functorial in TZ. 

Proof. Let (^4,5) e ker(i7^), where A € SL2(i?) and B € SL2(i?o)- Since 9a,b = id, 

T{X) = 9A,Bmx)) = T{AXA~^), 

for ah X e s[2(fc). Hence, AX = XA for aU X e sl2{k). It follows that A = al for some a £ H2{R)- 
Then 

G(Af) = 6Ia,b(G(M)) = G(^A/B-i), 

for ah M G A;2^2^ so that aM = AM = MB for aU M e fc2x2^ and so B = al and a G Rq a.s B G SL2(i?o)- 
Therefore, (A, B) = {al,al) for a e ti2{Ra)- 

Conversely, for a G /X2(i?o), it can be checked that {al,al) G ker(t7j). Hence, ker(t7j) = /i2(^o)- D 

From lemmas 13.1113.21 we obtain the following theorem: 

Theorem 3.3. For every /c-differential ring TZ = {R, S), there is an exact sequence of groups 

1 ^ H2{Rq) SL2(i?) X SL2(i?o) ^ GrAut(J■)(7^), (2) 
where Rq = ker5. Furthermore, the exact sequence is functorial in TZ. □ 

In general, t-ji fails to be surjective. However, it has properties analogous to the universal surjectivity of 
the quotient morphisms of fc~group schemes. More precisely, we have the following Proposition 13.41 and 13.51 
We call an extension TZ = (i?, 6r) S — {S,6s) of fc-differential rings Stale if the homomorphism i? — >• 5* 
of rings is etale. 
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Proposition 3.4. Let TZ — {R, Sr) be a A:-differential ring with R an integral domain. For every (p G 
GrAut(J^)(7?.), tlrere is an etale extension S — {S,5s) of TZ, an element A G SL2(S'), and an element 
B e SL2(5o) such that 

Ls{A,B) = 0A,B = Vs, 
where So = kcr Ss, and (ps is the image of (p under GrAut(J^)(7?.) — > GrAut(J^)(5). 
Proof. We first write ip{L) = L(r) + T(Xo), where r eR^X^e shiR). Then 

^{[LxL]) ^ {d + 2X){L{r) +T{Xo)), 
ML)xpiL)] = (a + 2A)(L(r2) + T(rXo)). 

We deduce from iy9([LAL]) = [Lp{L)\Lp{L)] that — r and rXo = Xq. Since R is an integral domain, r = 
or 1. If r = 0, we obtain Xq = tXq = 0, and so (p{L) ~ 0. This contradicts the injectivity of (p. Hence, 
r ~ 1, i.e., 

(^(L) -L + T(Xo). (3) 
Next we write v?(T(ct')) = L{n)+T{X^) for n e i?,X, e sl2(i?),i = 1,2,3. Thus, 

^([LATK)]) = (a + A)(L(r,;)+T(X,)), 
[(^(L)A(^(T(a*))] = {d + 2A)L(r,) + (9 + A)T(XO 

+ AT(r,Xo) + T{nS{Xo)) + T{[X„, X,]). 

We deduce from ^([LAT(cr')]) = [ip(L)xip(T{a'))],i = 1,2,3 that n=0 and 5{X,) = [Xo,X,l i = 1,2,3. It 
follows that (y5(T(a-*)) — T{Xi),i = 1, 2, 3. Hence, <p(;B ®kT^) ^B®kT^ and </3|b®j,7z is an automorphism of 

Recall that J'g has a subalgebra = fc[5]Ti ® fc[5]T2 ® k[d]T^ , which is isomorphic to Cur(s[2(fc)). Thus 
B <^kT^ — Cur(sl2(fc)) (Xifc TZ as 7?.-Lie conformal superalgebras. By corollary 3.17 of P, there is an i?-linear 
automorphism Ip of the Lie algebra sl2{k) iS^k R — sl2{R) such that ip{T{X)) — T(lp{X)) for all X e 5l2{R). 

It is known that SL2(-R) acts on sl2{k)<S)kR functorially via conjugation and there is a quotient morphism 
TT : SL2 — > Aut(sl2(fc)) of fc-group schemes. From [9, HI, §1, 2.8 and 3.2], there exist an etale extension 5* 
of R and A e SL2(5) such that 

ipsiX) ^ AXA-\X e sl2{S). (4) 

Since i? — >■ S* is an etale ring homomorphism, by 3, Lemma 1.16], there is an unique fc-derivation Ss of 
S extending Sr. Hence, S — {S, ds) is an etale extension of TZ. 

Now we consider the image ps of (p in GrAut(J^)(5). From ^ and (|3]), we obtain 

(^s(L) = L + T(Xo), and ¥'s(T(a')) = T(AaM-i), i = 1,2, 3. 

Then we deduce from [^5(L)a(^s(T(ct*))] = {d + X)Lps{T{cr')) that 

^sI^^tM--^) ^ [Xo, AcrM^i], i = 1, 2, 3. 

Hence, a direct computation shows that Xq — Ss{A)A~^ . 

Let Ip = (ps o 0^ /. Then ^ G GrAut(J^)(5) and '0|j^o<»fc'S = id- Next we consider ^\j^^^^s- Suppose 

V'(G(M)) = G{i^{M)), M e 

where : S*^^^ 5^^^ is a bijective 5'-linear map. Now we deduce from 

i,{[T{X)xG{M)]) = mT{X))x^{G{M))] 

that X • zy(Af) — v{XM) for all X G s[2(5) and M G S^^^. Then a straightforward computation shows that 
there is an element B G GL2(5) such that i/(M) = MR-^ for all M G 5*2^2 
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Next we show B e SL2(S'o). Let M,N eP'^'^, then 

V'([G(Af)(i)G(iV)]) = 2T(AfArt _ nM^), 

[V'(G(M))(i)V'(G(iV))] = 2T(AfB-i(iVB-i)^ - ArB-i(AfB-i)t) 

= 2T{det{B-^){MN^ - NM'f)). 

It foUows that det(B-i) 1, so B e SLalS"). 
For M e fc^^^, we consider 

^([G(M),L]) = (^9+ G(Mi?-i), 

[V'(G(M)),V'(L)] = + ^a) G(Mi?-i) + ^G{M6iB-')). 

These yield that S{B^^) — 0, and so B G SL2(S'o). Therefore, ip — ipso 6*^ / ~ i-e., ips — ° Oa,i = 
Oa,b- ' ' ' ' □ 

Proposition 3.5. Let TZ — {R,5) be a /c-differential ring. If R is an integral domain and the etale 
cohomology set Hij.(i?, /22) is trivial, then l-jz is surjective. 

Proof. Given (p G GrAut(J^)(7^), as in Proposition 13.41 its restriction to B (E)k'R yields an i?~linear auto- 
morphism If of the Lie algebra s(2(fc) R, where B = k[d]T^ © k[d]T'^ ® k[d]T^ = Cur(s[2(fe))- It is known 
that there is an short exact sequence of fc-group schemes 

1 ^ H2 ^ SL2 Aut(s[2(fc)) 1, 

which yields a long exact sequences: 

1 ^ ti2{R) SL2{R) Aut(sl2(fc))(i?) ^ Rl,{R, At2) -> • • • 

Hence, the triviality of Ili^(i?, /i.2) yields that Tp is the image of an element A £ SL2(i?). i.e., 

ip{T{X)) = AXA-\X £ sl2{R). 

Then the proof of this proposition can be completed by similar arguments as in Proposition [231 □ 

To conclude this section, we discuss the representability of group functors involved in the exact sequence 
Recall that both SL2 and /Xj are afHne group schemes over k (representable functors from fc-rng to 
grp). More precisely, 

SL2 = IIomfc.r„g(fc[SL2], -) and = Homfc.r„g(fc[/X2], 

where their coordinates rings are fc[SL2] = k[xii, X12, X21, a;22]/(2;iia;22— a;i22;2i — 1) and fc[/.t2] = k[x]/ (a;^ — 1), 
respectively. 

Analogous to the case of N ~ 1,2,3 Lie conformal algebras [l[, both SL2 and yield forgetfully 
representable functors: 

SL2*^* : fc-drng ^ fc-rng grp, 7^ = (i?, 5) ^ SL2(i?). 

: fc-drng fc-rng grp, Tl. — {R,6) ^ fJ'2{R)- 

However, the group functor TZ = {R,6) 1— ?> SL2(-Ro)j_Ro = kerJ fails to be forgetfully representable. 
Theorem 13.31 suggests that we should consider the functoo 

est : fc-drng — > fc-rng, TZ ~ (i?, (5) i-> i?o = ker(J). 



^For a fc— differential ring TZ = {R, S), Ro = ker<5 is called the ring of constants of TZ Q. 
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It also yields two group functors: 

SL^"* : fc-drng ^ fc-rng grp, 7^ = {R, S) ^ SL2(i?o)- 

/xf : fc-drng ^ fc-rng ^ grp, Tl = {R, S) ^ fi^)- 

Furthermore, and /i,^''' are representable as functors from fc-drng to grp in the following sense: fc[SL2] 

together with the zero derivation form a fc-differential ring (fc[SL2], 0). Similarly, (fc[/X2], 0) is a fc-differential 
ring. Then it is easy to observe that 

SLf = Homfc.drng ((fc[SL2], 0), -) and /xf = Homfc.dmg ((fc[/X2], 0), -) . 

Proposition 3.6. fi^f = /x^'''. 

Proof. Let TZ = {R,S) be a fc-differential ring and r G jJLf'iJZ), then = 1. Thus 2r6{r) = 0, and so 
r6{r) ~ 0, from which we obtain 6{r) = rrS{r) — 0, i.e., r g Rq. This yields that r £ ^2{Ro) — t^T^iJ^)- 
Therefore, ^^f^{TZ) C ^f^{TZ). The reverse inclusion is obvious. □ 

4. The group functor Aut(jF) 

In this section, we consider the relation between Aut(J^) and GrAut(J^). 

Theorem 4.1. Let TZ — (i?, 5) be a fc-differential ring for R an integral domain. Then 

GrAut(J")(7^) = Aut(J■)(7^). 

Proof. Let e Aut(J')(7^). It suffices to show ip[V ®kR)'!=V ®k R- 
RecaU that B = k[d\T^ ® k[d]'T'^ ® k[d]'T'^. If we write 

Mi 
m=0 

r™ RJi&B®uR,i^l, 2, 3, then 
(p([T(a'UTK)]) = 0, 

Mi 

[^{T{a'))xv{T{a"))] - ^ (-A)™(a + A)"((9 + 2A)L(r,„r„0 + L(<5(r,„)r,„)) + 

where /^i G A: [A] (8)a; (8)a; R. By comparing the degree and coefficients of A in 

^([T(fT^),T(a')]) = [^(T(a')),^(T(a'))],^ = 1,2,3, 

we obtain Mi = and rf^j, = 0, « = 1,2,3. Thus r^jv/, = z = 1,2,3 since R is an integral domain, i.e., 
(/?(T(cr*)) eB®kR. Since K ?S Cur(s[2(fc)), by corollary 3.17 in Lp{T{a')) C (fcT^ ® fcT^ ® fcT^) 0fe i? C 
y (Xife R- More precisely, there is an i?-linear automorphism of the Lie algebra a : sl-ziR) — > s[2(i?),(T* H' 
= 1,2,3 such that (p(T(cr*)) = T(X*),i = 1,2,3. 
A similar argument using (^([LaL]) — [(p(L)\(p(L)] yields that 

M 

^(L)=L+^9'"T(y„0, 

for F„ € s[2(i?). Then (/.([LAT(a')]) = [(p(L)A(^(T(a'))] implies 

= 0, for i = 1,2,3,TO > 0. 



Applying the automorphism a ^, we obtain 

[a-^{Y^),cr'] ^ 0, for i = l,2,3,m > 0. 

Since {cr*,i = 1,2,3} is a basis of sl2(fc) and a^^{Ym) £ s[2(i?), we deduce that a^^{Y,n) = for m > 0, 
and so r™ = 0, TO > 0. Hence, ^(L) = L + T(ro), i.e., ^'(L) eV(E)kR. 
Next we consider the odd part. By considering 

^([LaG(M)]) = [^(L)a^(G(M))], 

for M e fc2x2^ we obtain (p{G{M)) e V (E)k R- Hence, (p € GrAut(J")(7^). □ 

Corollary 4.2. Let 7?. — {R,S) be a fc-differential ring, where R is an integral domain and Hij(i?, /X2) is 
trivial. Then 

. SL.Wx SL.(i.o)^ 
^2(^0) 

where Rq — kerS. 
Remark 4.3. 

• Since k is an algebraically closed field of characteristic zero, Hij(fc,/X2) is trivial. Hence, 

SL2(fc) X SL2(fc) 



Autfe_eonf(-^) = Aut(^)(fc,0) ^ 



((-/2,-/2)) 



• For the fc-differential ring S — (fc[t''|g e Q],^), the etale cohomology set Hi^(5, /X2) is trivial (d. 
Theorem 2.9]) and So = ker(^) = k. Hence, 

A . ^X-^ O A SL2(g) X SL2(fc) 

Aut5_,„„f(.F®fe 5) = Aut(.F)(5) - > 
which is the result of Proposition 3.69 in 

5. Comments on the functor GrAut(^) 

Let A be an arbitrary Lie conformal superalgebra over k such that is a free A;[9]-module of finite rank, 
then there is a finite-dimensional /c-vector space V such that A — k[d] (E)kV as fc[9]-modules. Hence, we 
can define a subgroup of Aut(^)(7?,) for each fc-differential ring TZ = {R, S): 

GrAut(yt, V){n) = {0 G Aut{A)in)\<j){k ®kV (^k R) ^ k ®kV ®k R}- 

This construction is also functorial in TZ. Hence, GrAut(^, is also a functor from the category of k- 
differential rings into the category of groups. However, V is not uniquely determined by A, i.e., GrAut(^, V) 
depends on the choice of V. 

According to [1, section 5.10], the TV = 1, 2, 3 Lie conformal superalgebra K-n can be realized as follows: 
JCn = k[d] (S)k A(iV), where A{N) is the Grassmannian superalgebra in N variables, d acts on JCn in the 
natural way, and the n-th product for each n G Z-|_ is defined by 

N 



fm = (^i/i - 1) 5 ® /.g + i(-i)i^i pmmg) 

Q(l/l + l5l)-2^ fg, 



f{n)9 = 0, n ^ 2, 
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where f,g £ ^(N) are homogenous polynomials in ^i, • • • ,^jv of degree |/| and \g\ respectively, and di is 
the derivative with respect to ^i, i = 1, • • • , N. 

For the N = 1,2,3 Lie conformal superalgebras /Cat, [Ij] considers the particular case where V — A(A^), 
that is GrAut(/Cjv) = GrAut(/Cjv, A(A^)), N = 1,2,3. In these cases, 

GrAut(/C^r,A(A^))(7^) = Aut(/CAr)(7e), N = 1,2,3, 

for every complex differential ring TZ = {R, S) such that R is an integral domain. 

For the = 4 Lie conformal superalgebra J^, we take V to be the fc-vector space spanned by 

{l,t\t2,t3,g\g2,g\g^} 

(see Section [2]). From theorem 14. 11 it is also true that 

GrAut(J",T/)(7^) = Aut(J")(7^) 

for every ^-differential ring TZ = [R, S) such that R is an integral domain. 

However, for a given Lie conformal superalgebra A over k and an arbitrary choice of V such that 
A = k[d] V, GrAut(y^, V){TZ) C Aut{A){TZ) may fail to be an equality even if R is the field of complex 
numbers. 

For instance, consider the iV = 2 Lie conformal superalgebra IC2- From [1], A(2) is a good choice to 
define GrAut(A:2) = GrAut(A:2, A(2)). 

But we have other choices of V to define Gr Aut {IC2 ,V). IC2 can also be realized as follows (see [1, 
section 5.10]): 

/C2-fc[9] ®k (Der(A(l))® A(l)), 

where A(l) = fc® fc^ is the wedge algebra in one variable and Der(A(l)) is the superalgebra of all derivations 
of A(l). The n-th products for n £ Z+ on IC2 are given by 

a(„)6 = Sr,o[a,b], a^^a)f = «(,/), «(«)/ = -S^ai^lY^'^^P^f) fa, if n ^ 1, 
/(o).9 = -^difg), f(,,)g = ~2Sjifg, if n ^ 1, 

where a,b G Der(A(l)). f,g£ A(l), and p(a),p{b) are the parity of a, b. 
Let 

W := Der(A(l)) ® A(l) = ( k^- ® k^^?) ® ® ^0- 
Then IC2 = k[d] (E)k W. We define : /C2 ^ /C2 by 

and extend to /C2 by (/> o 9 = 5 o i^. It is easy to check that is a homomorphism of complex Lie conformal 
algebras and (f)^ — id/Ca- Note that (fc, 0) is also a complex differential ring and k is an integral domain. We 
obtain e Aut(/C2)(fc). But </> ^ GrAut(/C2, VF)(fc) because (/.(I) ^ W, i.e., 

GrAut(/C2,PF)(fc) g Aut(A:2)(fc). 

Hence, W is not a suitable choice to define GrAut(/C2). 
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